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We obtain the spin-orbit interaction and spin-charge coupled transport equations of a two-
dimensional heavy hole gas under the influence of strain and anisotropy. We show that a simple
two-band Hamiltonian can be used to describe the holes. In addition to the well-known cubic hole
spin-orbit interaction, anisotropy causes a Dresselhaus-like term, and strain causes a Rashba term.
We discover that strain can cause a shifting symmetry of the Fermi surfaces for spin up and down
holes. We predict an enhanced spin lifetime associated with a spin helix standing wave similar to
the Persistent Spin Helix which exists in the two-dimensional electron gas with equal Rashba and
Dresselhaus spin-orbit interactions. These results may be useful both for spin-based experimen-
tal determination of the Luttinger parameters of the valence band Hamiltonian and for creating
long-lived spin excitations.
PACS numbers: 72.25.Dc, 72.10.-d, 73.50.-h, 73.63.Hs
Systems with spin-orbit interactions have generated
great academic and practical interest [1–5] because they
allow for purely electric manipulation of the electron spin
[6–8], which could be of use in areas ranging from spin-
tronics to quantum computing. However spin-orbit in-
teractions have also the undesired effect of causing spin
decoherence [9]. Recently a new mechanism by which
a system can sustain both strong spin-orbit interactions
and long spin relaxation times has been proposed [10].
In properly tuned systems a non-decaying spin density
standing wave can be excited. This Persistent Spin Helix
(PSH) has been observed through spin transient experi-
ments in electron doped GaAs quantum wells. [11, 12]
In electron doped samples the PSH occurs when the
Rashba and Dresselhaus spin-orbit interaction strengths
are tuned to match each other. At equal strength the
spin dynamics conserve an SU(2) triplet of spin oper-
ators, two of which describe spin standing waves, while
the third describes a uniform spin density that is selected
and preserved by the tuned spin-orbit interaction. The
triplet’s infinite lifetime is obtained by tuning the spin-
orbit interaction to have a constant phase independent
of electron momentum, in which case the electron spin
structure is independent of momentum and conserved
under scattering. In particular, the Rashba and linear
Dresselhaus terms are proportional to k− = kx − ıky
and to k+ = kx + ıky respectively, so when they are at
equal strength the total spin-orbit interaction has con-
stant phase, producing long-lived spin excitations.
The experimental discovery of the PSH in the 2-D elec-
tron gas raises the question of whether it exists in other
systems. Recently one of us predicted that tuned topo-
logical insulators can host PSHs with very long lifetimes
[13]. Here we examine 2-D hole gases under strain, cal-
culate the spin orbit interaction of the heavy holes, and
find Rashba and Dresselhaus-like terms caused respec-
tively by applied strain and anisotropy. When fine-tuned
properly the spin orbit term has constant phase, produc-
ing long-lived spin helices aligned with the strain axis and
an anomalous enhancement of the spin lifetime. These
results apply also to other systems which like holes are
four-fold degenerate at the Γ point, such as the metal-
lic phase predicted in pyrochlore iridates. [14–16] PSHs
are a general phenomenon that can be realized in diverse
systems with a wide variety of tuning parameters.
Hole-doped quantum wells are sensitive to applied
strain and to anisotropy, which are key to the spin physics
uncovered here. Unlike the electron gas, in the 2-D hole
gas the spin components Sx, Sy, Sz are decoupled at lead-
ing order if there is neither strain nor anisotropy [17].
This is due to the holes’ spin-orbit interactionHSO, which
determines the couplings between spin components. In
the unstrained isotropic hole gas this operator has a cu-
bic form with f-wave symmetry HSO = α(k
3
+σ−− k3−σ+)
and hence vanishes when integrated over the isotropic
Fermi surface. However recent experiments performed
by attaching a piezo to hole-doped GaAs samples have
revealed that strain can be used to cause large changes
in the spin orbit interaction [18–21]. The experimen-
tal results largely confirm the standard Kane and Lut-
tinger ~k · ~p Hamiltonian which predicts that strain and
anisotropy substantially deform the two heavy hole Fermi
surfaces [18, 19, 21, 22]. For a certain critical value of the
strain field, the surfaces meet at two special ”touching
points”, which causes an experimentally confirmed [19]
magnetic breakdown of Shubnikov-de Haas (SdH) orbits.
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2FIG. 1: Tuning the strain produces touching points in the
heavy hole Fermi surfaces, which are shown at zero strain
β2 = 0 (pane a) and intermediate strains (b) 0.4 · k2F and
(c) 0.6 · k2F . Finally pane (d) and (f) show critical strain
β2 = k2F , with two touching points on the kx axis. At critical
strain shifting by ± ~Q places one band on top of the other, as
seen in pane (d). The strain is oriented along the x axis, and
γ2/γ3 = 1. Identical results are obtained when the sign of
γ2/γ3 is reversed and the strain axis is rotated by 90 degrees.
EF = 1 and α = 0.2. Pane (e): schematic of a sample glued
on a strain-generating piezo as used in Ref. [20].
These touching points hint at interesting spin dynamics,
because similar degeneracies are seen in the Fermi sur-
faces of electron-doped systems when they are tuned to
produce PSHs.
Usually the heavy hole Fermi surfaces and their defor-
mation under strain are modeled with considerable ac-
curacy within the 4-band Luttinger model [23] or the
8-band Kane Hamiltonian [24]. These models unfortu-
nately obscure the spin-orbit interaction between the two
heavy hole states and prohibit analytical calculation of
the spin-charge dynamics. We will therefore focus only
on the heavy holes, and will make explicit their spin-
orbit interaction HSO, which is simply the off-diagonal
element of the two-band effective Hamiltonian which gov-
erns the heavy holes. Various previous works have devel-
oped two-band models of the heavy holes [25–29]; ours
distinguishes itself by including strain.
We derive our two-band Hamiltonian from the 4-band
Luttinger Hamiltonian H0, which describes the total an-
gular momentum j = 3/2 band that lies nearest to the
Fermi surface. There are four states: two heavy holes
with jz = ±3/2 and two light holes with jz = ±1/2.
Following common practice, we choose the bulk Hamil-
tonian appropriate for crystal growth along the high-
symmetry z (001) axis, and we take the hole carrier con-
centration to be small enough that only the first 2-D
subband in the quantum well contributes to transport.
[18, 19, 22, 27, 29–34] We include a strain field ij using
the Bir-Pikus strain Hamiltonian H [35], and we model
the quantum well with a confinement potential Vc and a
small charge asymmetry VE = −eEz;
H = H0 +H + V (z), V (z) = Vc + VE (1)
H0 =
1
2m
(
γ1 +
5
2γ2
) |~k|2 − γ2m k2i S2i − 2γ3m {ki, kj}{Si, Sj}
H = aii + biiS
2
i + dij{Si, Sj}
~S is a spin 3/2 matrix. The double index implies sum-
mation (in the anticommutators, do not sum over i = j),
and {A,B} = 12 (AB+BA). We will show that hole spin
physics is a sensitive measure of anisotropy in the valence
band, which is parameterized by three Luttinger param-
eters γi. γ1, γ2 control the hole masses along the z axis,
while γ1, γ3 control the masses along the [111] axis. Both
these parameters and the strain deformation potentials
a, b, and d have widespread applications and are reported
in standard reference works. [36, 37]
The Luttinger Hamiltonian has the most general form
possible for a ~k · ~p model with four degenerate bands
(angular momentum j = 3/2) in a crystal with both cu-
bic discrete symmetry and time reversal symmetry. Zinc
blende semiconductors are not symmetric under inversion
and therefore possess only tetrahedral symmetry which
is a subgroup of cubic symmetry, but this asymmetry
is weak in the bulk [38]. Several works have examined
terms beyond the Luttinger Hamiltonian and developed
their effects on heavy holes [22, 26, 29, 39]. Here we re-
tain only the Luttinger Hamiltonian and use an explicit
term VE = −eEz to break inversion symmetry.
The spin-orbit physics can be illuminated by breaking
the Hamiltonian explicitly into the heavy hole sector jz =
+3/2, −3/2 and the light hole sector jz = +1/2, −1/2:
H = V (z) +
[
1 · kHH UHL
U†HL 1 · kLL
]
, UHL =
[
S R∗
R −S∗
]
S = −d(ızy − zx)−
√
3γ3k−kz/m (2)
R = −
√
3
4m
(k2+(γ2 + γ3) + k
2
−(γ2 − γ3)− 2γ3β2eı2θ)
The in-plane strain is encapsulated in a magnitude β2
and orientation θ which are set by β2eı2θ = bmγ3 (xx −
yy) + ı
2m√
3γ3
dxy. The kinetic terms kHH and kLL are
respectively equal to (γ1 + γ2)k
2/2m+ (γ1 − 2γ2)k2z/2m
and (γ1 − γ2)k2/2m + (γ1 + 2γ2)k2z/2m, plus a strain-
induced constant splitting. S couples holes with the same
sign of jz, while R couples holes with opposite sign.
This explicit representation reveals that there is no di-
rect interaction either between the jz = ±3/2 heavy holes
or between the jz = ±1/2 light holes. In consequence the
spin-orbit interaction between the heavy holes is propor-
tional to R∗. [46] This is an exact result. It informs us
that when R = 0 there is a degenerate point in the dis-
persion, where the two heavy hole bands meet [18]. In
fact, addition of a tuned strain field generically creates
two such degenerate points on the Fermi surface. Figure
1 illustrates this in the particular case of compression
3along the x axis. In this special case the two degenerate
points lie on the same axis and occur when the strain is
tuned for resonance with the Fermi momentum β = kF .
We procede by deriving the exact two-band effective
Hamiltonian which controls the heavy holes, HHH =
V (z)+1 ·kHH +UHLGLLU†HL, where GLL = (E−kLL−
V (z))−1 is the light hole Green’s function. (See the sup-
plementary material for an expanded derivation.) This
can be rewritten as
HHH =
(
kˆHH HSO
H∗SO kˆHH
)
, HSO = −[GLL, S]R∗
kˆHH = kHH + V (z) + SGLLS
∗ +RGLLR∗ (3)
The commutator [GLL, S] = −
√
3γ3k−/m[GLL, kz] is in-
sensitive to strain and its phase is set by ık−. Therefore
the phase of the spin-orbit interaction is determined by
ık−R∗. We make this exact result explicit by writing
the spin-orbit interaction as HSO = −ıα 2m√3γ3 k−R
∗ =
ıα(k3−(1 + γ2/γ3)/2 − k2k+(1 − γ2/γ3)/2 − k−β2e−ı2θ).
The spin-orbit strength α = −ı3γ23/2m2[GLL, kz] is de-
termined by the quantum well’s confinement potential
Vc. It can be approximated analytically in a thin well
with thickness L, where confinement creates a splitting
∆E ∼ 2γ2m 〈k2z〉 ∝ 2γ2m (2pi/L)2 between the heavy and
light hole bands. This energy scale justifies neglect of
higher orders in the potential VE and in kx, ky. At lead-
ing order α = 6ı[VE , kz](γ3/2m∆E)
2. The kz appearing
here is an operator and does not commute with the quan-
tum well’s built-in electric field; [VE , kz] = −ieE. Similar
approximations determine that kˆHH =
k2
2mH
, where the
renormalized mass is mH = m/(γ1 + γ2 − 3γ23/γ2).
The first term in HSO stands alone when there is nei-
ther strain nor anisotropy. It is cubic in the spin-orbit
strength and has f-wave character, reproducing the cu-
bic dominance which is well known for holes [22]. Opti-
mal spin lifetimes are obtained only in the anisotropic
limit γ2/γ3 = −1 where this term is entirely absent.
Anisotropy and strain produce the second and third
terms, which respectively have Dresselhaus (k+) and
Rashba (k−) character. The spin-orbit interaction HSO
has constant phase when the strain term’s magnitude is
tuned to match the magnitude of the anisotropy term, i.e.
when β = kF
√
(1− γ2/γ3)/2. A truly constant phase is
not achievable because HSO induces small anisotropies
in the Fermi surface which are of order ESO/EF , ESO =
αk3F . However when the strain is tuned properly these
phase fluctuations are very small, one component of the
spin almost commutes with the Hamiltonian, and its life-
time becomes very large.
Strain can also tune the Fermi surfaces of the spin ↑
and ↓ heavy holes to produce a quasi shifting symme-
try (Eq. 4) that is key to persistent spin helices, which
together with the quasi-conserved spin form a long-lived
SU(2) spin triplet. PSHs occur when the spin ↑ and ↓
Fermi surfaces, ↑,↓, have identical shapes so that a shift
GA(−￿q/2)
GR(￿k2 + ￿q/2)
GA(￿k1 − ￿q/2) GA(￿k2 − ￿q/2)
GR(+￿q/2)
￿k1
GR(￿k1 + ￿q/2)
￿k2 − ￿k1
1
FIG. 2: Diagram illustrating the scattering that produces
spin-charge diffusion. Here two scattering events are shown.
GA and GR describe time evolution of the hole ψ and its com-
plex conjugate ψ†. Each scattering event causes correlations
between GA and GR and is shown as a dashed line connecting
the two.
of ~q = ±Qˆ moves one Fermi surface on top of the other.
This shifting symmetry can be written as:
↓(~k) = ↑(~k + ~Q). (4)
Using our heavy hole Hamiltonian, Figure 1d shows
that when the Fermi surfaces are tuned for degener-
acy (β = kF ) they also obey the shifting symmetry
that produces PSHs. This is true both in the isotropic
limit γ2/γ3 = +1 and in the strongly anisotropic limit
γ2/γ3 = −1. In both limits the energy dispersion sim-
plifies to E± = (~k ± ~Q/2)2/2m on the circle defined
by |~k| = kF = β. Therefore at leading order in the
spin-orbit strength ESO/EF the Fermi surfaces are cir-
cles offset from each other by ± ~Q, and produce a spin
helix standing wave. The helix’s wave-vector has magni-
tude | ~Q| = 2kFESO/EF , is proportional to the spin-orbit
strength, and is independent of scattering.
The magnetoresistance is very sensitive to this physics.
When the spin-orbit interaction has constant phase the
magnetoresistance will become null or even change sign.
If the Fermi surfaces do not fulfill the nesting condition
required by a PSH then there will be neither weak local-
ization nor antilocalization (null magnetoresistance). If
a PSH exists then there will be a complete reversal from
weak localization to weak antilocalization, from negative
to positive magnetoresistance.
It may not be easy to observe these long spin life-
time effects, since semiconductors possess an approxi-
mate spherical symmetry [38] which places many of them
near the isotropic limit γ2/γ3 = 1. However silicon is a
notable exception, with γ2/γ3 = 0.23 [36]. Moreover in
many compounds there is considerable scatter in both
experimental and theoretical estimates of γ2 and γ3, and
certain authors have assigned GaP [37] , SiC [40], and
Boron-doped diamond [41] values of γ2/γ3 = 0.17, 0.24,
and −0.16 respectively. Lastly γ2/γ3 remains completely
unknown in the metallic phase of the pyrochlore iridates.
In these materials measurement of spin dynamics may
prove to be a sensitive means of determining γ2/γ3.
4FIG. 3: Strain-assisted suppression of spin decay. Pane (a)
shows the spin decay’s dependence on momentum when the
strain is at its optimal value β = kF
√
(1− γ2/γ3)/2. Both ~q
and the strain are aligned with the x axis. Three decay rates
are shown corresponding to Sy and to linear combinations of
Sx and Sz. Sy’s decay rate is smallest at q = 0, while the
Sx, Sz rates are minimized at finite momenta ±| ~Q| = ±(1 −
γ2/γ3)kFEF /ESO. These long-lived ±| ~Q| excitations are the
persistent spin helices. The minimum decay rates of both Sy
and the PSHs go to zero when γ2/γ3 = −1, signaling that
neither Sy nor the PSHs decay. Pane (b) illustrates this with
the ratio τz/τy of the decay times of spatially uniform Sz, Sy
spin distributions. This ratio is proportional to the Sy decay
rate, and is zero at optimal γ2/γ3 = −1 and optimal strain
β = kF .
Intrigued by this possibility, we study the equations
of motion governing diffusion of the heavy holes, ne-
glecting excitation and diffusion of light holes for ana-
lytic tractability. The heavy holes form a doublet with
spin ± 12 and total angular momentum jz = ± 32 ; we
write the charge density N and the spin densities Si
as a 4−vector ~ρ = [N, Sx, Sy, Sz]. At time scales
larger than the elastic scattering time τ their diffusion
and coupling to each other are controlled by the par-
tial differential equation D−1~ρ = 0, where the 4 × 4
matrix Dij is called the diffuson. We derive the dif-
fuson using standard methods from the diagrammatic
technique for disordered systems [42–44]; details are re-
ported in the supplementary material. We model scatter-
ing with a non-magnetic ”white noise” disorder potential
V =
[
1 0
0 1
]
u(~r), 〈u(~r)u(~´r)〉 = (2piντ/~)−1δ(~r−~´r), where
ν is the density of states. We assume as usual that the
Fermi surface is dominant (EF τ/~  1). The diffuson
describes sequences of events in which the hole wave-
function ψ and its conjugate ψ† move together, scattering
in unison. Two scattering events are pictured in Figure
2. A single scattering is described by the operator Iij ,
and the diffuson sums diagrams with any number of scat-
terings; D(~q, ω) = ∑∞n=0(Iij)n = (1− Iij)−1. Iij is given
by the integral
Iij =
~
4piντ
∫
d~k Tr(GA(~k − ~q/2, EF )
σiG
R(~k + ~q/2, EF + ~ω)σj )
(5)
GA and GR are the disorder-averaged single-particle
Green’s function and ~q is the diffuson momentum. The
trace is taken over the spin indices of GA, GR, σi, and σj ,
which are all 2× 2 matrices in spin space.
We here report the diffusion equations at leading order
in the spin orbit strength and in the momentum, with
strain along the x axis:
∂tN = D∇2N
∂tSx = D∇2Sx − (C1 + C2)∂xSz − ( 1
T
+ U)Sx
∂tSy = D∇2Sy − (C1 − C2)∂ySz − ( 1
T
− U)Sy (6)
∂tSz = D∇2Sz + (C1 + C2)∂xSx + (C1 − C2)∂ySy − 2
T
Sz
where the coefficients read:
U = (1− (γ2/γ3)) 2α2k4Fβ2τ ; (7)
1
T = α
2k2F (k
4
F (1 + γ
2
2/γ
2
3) + 2β
4)τ ;
C1 = 4αβ
2EF τ, C2 = (1− (γ2/γ3)) 2αk2FEF τ
D = v2F τ/2 is the usual diffusion constant. The spin-spin
couplings C1 and C2 are caused by respectively strain
and anisotropy, while the lifetime splitting U is caused
by both anisotropy and strain together. We have checked
that higher order terms do not cause qualitative changes
in the spin lifetime or the spin-spin couplings, although
they do produce a small spin-charge coupling. When the
strain is dominant (β/kF → ∞, α · β2 ∝ 1) we obtain
the well known Rashba spin diffusion equations [43, 45].
The couplings C1 ∝ γ3, C2 ∝ γ3(γ3−γ2), lifetime 1/T ∝
γ23(γ
2
2 +γ
2
3), and lifetime splitting U ∝ γ23(γ3−γ2) are all
highly sensitive to the Luttinger parameters, whose nu-
merical values remain controversial. Experimental mea-
surements of the spin dynamics should help to determine
the Luttinger parameters.
Lastly we discuss the hole spin helix, a spin density
wave aligned with the x axis, precessing in the x − z
plane. If γ2/γ3 < 0.6 then adjusting the strain strength
to β = kF
√
(1− γ2/γ3)/2 produces an optimal spin helix
lifetime T−1PSH = 3/2 (1+γ2/γ3)
2E2SOτ/2. The solid blue
lines in figure 3a illustrate the decay rates in GaP: there
are two spin helices with enhanced lifetimes at opposite
wave-vectors ± ~Q, | ~Q| ∼ (1 − γ2/γ3)kFESO/EF . Ac-
companying the spin helices, the Sy spin component also
exhibits an enhanced lifetime Ty = (3/2)TPSH . As dis-
cussed earlier, Fermi surface anisotropy caps this lifetime
at order O(E2F /E
4
SOτ). The longest lifetime coincides
5with C1 = C2, U = 1/T, C
2 = 8DU . Figure 3b shows
the contrast ratio of the Sz lifetime to the Sy lifetime,
which is 1/2 in the isotropic limit. This ratio is reduced
by a factor of two to ∼ 1/4 when γ2/γ3 ∼ 0.2 (Si, GaP,
and SiC). The corresponding hole spin helix lifetime en-
hancement is ∼ 8/3. If the prediction γ2/γ3 = −0.16 for
Boron-doped diamond [41] is correct then the hole spin
helix’s non-uniform lifetime enhancement would reach
6.4. This can be confirmed by transient spin grating
spectroscopy.
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Approximate Form of the Heavy Hole Effective Hamiltonian
The four-band Luttinger model [23, 34, 39], with the Bir-Pikus strain Hamiltonian, in a quantum well extended
along the x− y plane and grown along the 001 (z) axis, is represented in the Jz = +3/2,−3/2,+1/2,−1/2 basis as:
V (z) +

kHH 0 S R
∗
0 kHH R −S∗
S∗ R∗ kLL 0
R −S 0 kLL

kHH = (γ1 + γ2)k
2/2m+ (γ1 − 2γ2)k2z/2m− a(xx + yy + zz) + b(zz − xx/2− yy/2)
kLL = (γ1 − γ2)k2/2m+ (γ1 + 2γ2)k2z/2m− a(xx + yy + zz)− b(zz − xx/2− yy/2)
S = −
√
3γ3k−kz/m− d(ızy − zx)
R =
√
3γ2(k
2
y − k2x)/2m− ı
√
3γ3kxky/m+
√
3b(xx − yy)/2 + ıdxy
= −
√
3
4m
(k2+(γ2 + γ3) + k
2
−(γ2 − γ3)− 2γ3β2eı2θ), β2eı2θ =
mb
γ3
(xx − yy) + ı 2md√
3γ3
xy
k+ = kx + ıky, k− = kx − ıky (8)
m is the electron mass, γ1, γ2, γ3 are the material-specific Luttinger Hamiltonian parameters, a, b, d are the material-
specific strain deformation potentials, and the  parameters describe the strain on the sample. V (z) = Vc + VE is
the sum of the quantum well’s confinement potential Vc(z) (which is symmetric under inversions) and a symmetry-
breaking term VE = −eEz. kHH and kLL are kinetic operators for the heavy and light holes respectively. S couples
states whose spin have the same sign, while R couples states whose spin have opposite sign.
Hooke’s law implies that in-plane strain xx, yy, xy applied to the quantum well will cause out-of-plane strain as
well. [47] When the crystal growth is along the 001 direction this physics simplifies and produces only one extra strain
component, zz. The only effect of zz is a shift in the splitting between the light and heavy holes. For other growth
directions zx, zy contribute to the S matrix element, but we will show that these terms make no contribution to the
commutator which controls the spin orbit interaction.
Since we are only interested in observables constructed from heavy holes, we can apply a unitary transformation
to the light holes: | + 1/2〉 → (k+/k)| + 1/2〉, | − 1/2〉 → (k−/k)| − 1/2〉. As a result, the Hamiltonian transforms:
S → (k+/k)S = −
√
3γ3kkz/m − (k+/k)d(ızy − zx), R → (k+/k)R = −
√
3
4m ((k
3
+/k)(γ2 + γ3) + k−k(γ2 − γ3) −
(k+/k)2γ3β
2eı2θ).
The second and third terms in R combine to have constant phase when β2 = k2F (1− γ2/γ3), and the first term in
R can be completely eliminated by setting γ2/γ3 = −1, rendering R completely real. In momentum space the only
remaining complex term in the Luttinger Hamiltonian is S’s strain term −ı(k+/k)dzy.
We will now prove that S’s strain term −ı(k+/k)d(zy+ ızx) has no effect on the coupling between the heavy holes.
6The effective Hamiltonian for the heavy holes is:
HHH = V (z) +
[
kHH 0
0 KHH
]
−
[
S R∗
R −S∗
]
(kLL + V (z)− E)−1
[
S∗ R∗
R −S
]
= V (z) +
[
k´HH [(kLL + V (z)− E)−1, S]R∗
−[(kLL + V (z)− E)−1, S∗]R K´HH
]
k´HH = kHH − S(kLL + V (z)− E)−1S∗ −R∗(kLL + V (z)− E)−1R (9)
The strain term −ı(k+/k)d(zy + ızx) has no z dependence, so it commutes with kLL and V (z), and makes no
contribution to the commutator. In fact the commutator reduces to −√3γ3k/m[(kLL + V (z)− E)−1, kz].
After transforming to position space the commutator is −ı√3γ3k/m[(kLL+V (z)−E)−1, ∂z]. Its phase is manifestly
constant. This proves that the off-diagonal elements of the heavy hole Hamiltonian HHH have (up to a factor of ı) the
same phase as R. If R’s phase is constant then the spin-orbit interaction also has constant phase and one component
of the spin is conserved. This is an exact result for the full four-band Luttinger Hamiltonian.
Moreover we note that diagonal elements of HHH are proportional to the identity; any splitting between the heavy
holes comes only from the off-diagonal elements.
The previous steps were exact. Now we obtain a simple but approximate form for the heavy-hole Hamiltonian.
We simplify the effective Hamiltonian HHH by assuming that the quantum well is thin, and that the confinement
potential Vc(z) along the z axis splits the spectrum into 2-D sub bands corresponding to eigenstates of Vc. We assume
that the Fermi level is used to regulate the hole carrier density to a small value where only the first 2-D sub-band
contributes to transport. Therefore we can assume that the system is in the lowest eigenstate of Vc(z), which can be
be replaced everywhere by its lowest eigenvalue.
Since the quantum well is thin, kz  kx, ky and therefore R’s contribution to the diagonal is negligible. Next we
assume that the charge asymmetry is small compared to the splitting between light and heavy holes (VE  kLL−E),
we expand in powers of VE , and we evaluate the expectation value 〈kLL − E〉 = ∆E.
HHH = V (z) +
[
k´HH − SS∗(∆E)−1 −ıα 2m√3γ3 kR
∗
ıα 2m√
3γ3
kR k´HH − SS∗(∆E)−1
]
α = ı6γ23 [VE , kz]/(2m∆E)
2, [VE , kz] = −ıEz (10)
α is the strength of the heavy hole spin-orbit interaction. Lastly we approximate the diagonal elements of the effective
Hamiltonian by ignoring terms which are independent of k+, k− and finding the effective mass mH which controls
the diagonal’s in-plane kinetic energy k2/2mH . This requires calculation of the expectation value of 〈k2z〉, which we
perform using SS∗ ≈ 3γ23k2〈k2z〉/m2. We use ∆E = 〈kLH−kHH〉 ≈ 2γ2m 〈k2z〉 and obtain the final effective Hamiltonian
of the heavy holes:
HHH =
[
k2/2mH −ıα 2m√3γ3 kR
∗
ıα 2m√
3γ3
kR k2/2mH
]
(11)
=
[
k2/2mH ıα(k
3
−(1 + γ2/γ3)/2− k2k+(1− γ2/γ3)/2− k−β2e−ı2θ)
−ıα(k3+(1 + γ2/γ3)/2− k2k−(1− γ2/γ3)/2− k+β2eı2θ) k2/2mH
]
= k2/2mH + axσx + ayσy,
ax = −αky(−2k2x(1 + γ2/γ3) + k2(γ2/γ3))− αβ2(kx sin 2θ + ky cos 2θ)
ay = −αkx(−2k2y(1 + γ2/γ3) + k2(γ2/γ3)) + αβ2(kx cos 2θ − ky sin 2θ) (12)
The renormalized in-plane mass is mH = m/(γ1 + γ2 − 3γ23/γ2).
Derivation of The Spin Diffusion Equations
We study the equations of motion governing diffusion of the heavy holes, neglecting excitation and diffusion of
light holes. The heavy holes form a doublet with spin ± 12 and total angular momentum jz = ± 32 ; we write the
charge density N and the spin densities Si as a 4−vector ~ρ =
[
N, Sx, Sy, Sz
]
. At time scales larger than the
elastic scattering time τ their diffusion and coupling to each other are controlled by the partial differential equation
7D−1ij ~ρ = 0, where the 4 × 4 matrix Dij is called the diffuson and is determined by Dij(~q, ω) = (1 − I)−1. The joint
scattering operator Iij is is given by the integral
Iij =
~
4piντ
∫
d~k Tr(GA(~k − ~q/2, EF )σiGR(~k + ~q/2, EF + ~ω)σj ) (13)
GA and GR are the disorder-averaged single-particle Green’s functions which express uncorrelated movements of ψ
and ψ†, while ~q is the diffuson momentum. The trace is taken over the spin indices of GA, GR, σi, and σj , which are
all 2× 2 matrices in spin space.
We have computed the diffuson systematically to next to leading order in 1/EF τ and to fourth order in ESO/EF .
This involved going to fourth order in EF τ, q, and ESO/EF . However the dominant physics is already visible at
second order. At this order the diffuson simplifies to:
D−1 = 1− 1
16pi(1− ıωτ)
∑
s,s´,ν=±1
∫
dθM
1
1− ıτν~−1(EF − E(~k + ν~q, (1− ν)s/2 + (1 + ν)s´/2))
,
EF − E ≈ −2νq cos(θ − θq)EF /kF + ν(s− s´)
√
a2x + a
2
y
M =

1 + ss´ (s+ s´) cosφ (s+ s´) sinφ 0
(s+ s´) cosφ 1 + ss´ cos(2φ) ss´ sin(2φ) −ı(s− s´) sinφ
(s+ s´) sinφ ss´ sin(2φ) 1− ss´ cos(2φ) ı(s− s´) cosφ
0 ı(s− s´) sinφ −ı(s− s´) cosφ 1− ss´

cosφ = ax(~k)/
√
a2x + a
2
y, sinφ = ±
√
1− cos2 φ = ay(~k)/
√
a2x + a
2
y,
~k = kF (cos θxˆ+ sin θyˆ), ~q = q(cos θqxˆ+ sin θq yˆ) (14)
After some algebra we obtain:
D−1τ−1 = −ıω +Dq2 +

0 0 0 0
0 U cos 2θ + 1/T U sin 2θ −ı(C1q cos(θq + 2θ) + C2qx)
0 U sin 2θ −U cos 2θ + 1/T −ı(C1q sin(θq + 2θ)− C2qy)
0 ı(C1q cos(θq + 2θ) + C2qx) ı(C1q sin(θq + 2θ)− C2qy) 2/T

1/T = k2F (α/~)2τ(k4F (1 + (γ2/γ3)2) + 2β4) ∝ (ESOτ/~)2/τ
D = 2(EF τ/~kF )2/τ = v2F τ/2 ∝ (ESOτ/~)2(EF /ESOkF )2/τ
U = 2(α/~)2β2k4F τ(1− (γ2/γ3)) ∝ (ESOτ/~)2/τ
C1 = 4αβ
2EF τ/~2 ∝ (ESOτ/~)2(EF /ESOkF )/τ,
C2 = (1− (γ2/γ3)) 2αk2FEF τ/~2 ∝ (ESOτ/~)2(EF /ESOkF )/τ (15)
Going to higher order, we found that all the non-zero elements of D−1 have corrections. There is also a spin-charge
coupling at higher order, but it is small even compared to the corrections which we just mentioned.
Assuming the time-dependence exp (−iωt− i~q · ~r), we obtain the equations of motion:
∂tN = D∇2N
∂tSx = D∇2Sx − (U cos 2θ + 1
T
)Sx − U sin 2θ Sy − C2∂xSz − C1(cos 2θ ∂x − sin 2θ ∂y)Sz
∂tSy = D∇2Sy − U sin 2θ Sx − (−U cos 2θ + 1
T
)Sy + C2∂ySz − C1(sin 2θ ∂x + cos 2θ ∂y)Sz
∂tSz = D∇2Sz − 2
T
Sz + C2(∂xSx − ∂ySy) + C1(cos 2θ ∂x − sin 2θ ∂y)Sx + C1(sin 2θ ∂x + cos 2θ ∂y)Sy (16)
When the strain is along the x axis (θ = 0) this simplifies to:
∂tN = D∇2N
∂tSx = D∇2Sx − (U + 1
T
)Sx − C2∂xSz − C1∂xSz
∂tSy = D∇2Sy − (−U + 1
T
)Sy + C2∂ySz − C1∂ySz
∂tSz = D∇2Sz − 2
T
Sz + C2(∂xSx − ∂ySy) + C1∂xSx + C1∂ySy (17)
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